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Abstract
We discuss neutrino mass hierarchy implications arising from the effects of non-standard neutrino in-
teractions on muon rates in high statistics atmospheric neutrino oscillation experiments like IceCube 
DeepCore. We concentrate on the mu–tau sector, which is presently the least constrained. It is shown that 
the magnitude of the effects depends strongly on the sign of the μτ parameter describing this non-standard 
interaction. A simple analytic model is used to understand the parameter space where differences between 
the two signs are maximized. We discuss how this effect is partially degenerate with changing the neutrino 
mass hierarchy, as well as how this degeneracy could be lifted.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction
One of the major goals of the present and future generation of neutrino experiments is to 
firmly establish the correct framework for our understanding of neutrinos and their interactions.
While in the last decades we have learned a lot about neutrino mass differences and mixings, 
their origin remains poorly understood. An extension to the Standard Model is required to ac-
commodate such neutrino properties and in many instances it leads to additional, non-standard 
neutrino interactions. Neutrino oscillations can be affected by the addition of Non-Standard Inter-
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I. Mocioiu, W. Wright / Nuclear Physics B 893 (2015) 376–390 377actions (NSI) and can thus be used to look for physics beyond the standard model. NSI have been 
considered from the first discussion of matter effects in [1] and many subsequent analysis [2]. 
The present data already constrains NSI [3,4], but a large parameter space is still unexplored. 
NSI might even explain some sub-leading oscillation phenomena [5].
Studies of the future long baseline neutrino experiments have shown that they can achieve very 
high precision measurements, at the few percent level [6]. Under the assumption of three neu-
trino flavor mixing and standard model interactions, this translates into precision measurements 
of the neutrino parameters, which can be a useful guide towards model building. In the pres-
ence of additional neutrino species or non-standard interactions, this might however no longer 
be the case, due to the large degeneracies between standard and non-standard oscillation param-
eters. Consistency checks between different oscillation measurements thus become extremely 
valuable. While fixed baseline beam experiments can provide very high precision, atmospheric 
neutrinos probe a much larger range of possible standard and non-standard neutrino properties 
parameter space as they cover a much broader energy range and can take advantage of large mat-
ter effects when traversing the Earth core. Many of the systematic uncertainties associated with 
the production and detection of atmospheric neutrinos can be overcome by the extremely high 
number of events expected in future very large neutrino detectors, by using some spectral and 
directional information.
The IceCube DeepCore (ICDC) project [7] is a low energy extension of IceCube that has 
been developed in the last few years. This was originally motivated by searches for neutrinos 
of astrophysical origin, but would collect huge numbers of atmospheric neutrinos that can be 
used for a series of interesting physics measurements of neutrino oscillations: extracting the 
mass hierarchy [8], detecting tau neutrinos [9] and better measurements of main neutrino oscil-
lation parameters [10]. Studies of atmospheric neutrinos and their oscillations have now become 
an important objective for ICDC [11] and the collaboration is considering an extension of the 
low energy reach of IceCube DeepCore with the Precision IceCube Next Generation Upgrade 
(PINGU) [12]. In addition to extending sensitivity at lower energies, PINGU will improve sen-
sitivity at higher energies as well, by allowing for better reconstruction and characterization of 
events. Some studies of these and other future experiments’ sensitivity to non-standard interac-
tions have been explored in [13–15].
In this paper we explore neutrino mass hierarchy measurement implications arising from the 
effects of non-standard neutrino interactions on atmospheric neutrino oscillations observed in 
large detectors like the IceCube DeepCore. We concentrate on the mu–tau sector which is the 
least constrained. In addition ICDC might offer the first opportunity for detecting a large sample 
of tau neutrinos [9], though we will not directly use this information in our analysis. We primar-
ily explore energies above 10 GeV where ICDC already has good sensitivity that can be further 
improved should PINGU be built. This energy range allows for much better directional recon-
struction of the muons and is in the deep inelastic interaction region, where cross-sections are 
well understood and additional kinematic information might be available. NSI effects on oscilla-
tion probabilities and muon count in large atmospheric neutrino detectors as well as an analysis 
of NSI sensitivity or discovery potential have already been explored in [13,14]. Our results are 
consistent with those obtained in these publications and extend these analyses by exploring the 
effects of NSI on the mass hierarchy determination.1
1 Ref. [14], which appeared while our paper was being finalized, has considered the two different hierarchies, but has 
not explored the effects of NSI on the mass hierarchy determination.
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actions on neutrino oscillations, as well as the constraints present data imposes on standard and 
NSI parameters. In Section 3 we will present the results of numerical simulations showing the 
effect of the NSI parameter μτ on muon neutrino survival probability and number of events 
observable in large atmospheric neutrino detectors like IceCube DeepCore. These results show a 
sign asymmetry which we describe analytically in Section 4. In Section 5 we discuss the degen-
eracy between the sign of μτ and the neutrino mass hierarchy, as well as how this degeneracy 
could be addressed. The conclusions are presented in Section 6.
2. Theoretical framework
Over the last decade many different types of experiments have provided evidence for neutrino 
oscillations and have allowed mapping the allowed regions for three flavor neutrino oscillation 
parameters. These are two mass square differences, m221, m
2
31, three mixing angles, θ12, θ23, 
θ13, and a CP-violating phase δ. The mixing matrix connecting the flavor basis 
(
νe,μ,τ
)
and the 
mass basis 
(
ν1,2,3
)
can be written in terms of these parameters as:
U =
(1 0 0
0 c23 s23
0 −s23 c23
)(
c13 0 s13e−iδcp
0 1 0
−s13eiδcp 0 c13
)(
c12 s12 0
−s12 c12 0
0 0 1
)
,
with cij = cos θij and sij = sin θij .
Neutrino propagation is affected by their interactions with the matter they traverse. Standard 
model neutral current interactions are the same for the three active neutrinos so they do not affect 
neutrino oscillations. Charged-current interactions of the electron type neutrinos on electrons 
will however generate an effective matter potential:
Vcc =
√
2GFNe = 7.6 × 1014Yeρ,
where GF is the Fermi constant, Ne is the electron number density, Ye is the electron fraction 
and ρ is the density of the medium neutrinos propagate through. For many experiments the 
propagation medium is the Earth and the Earth’s density can be approximated using the PREM 
model [16].
Since the origin of any potential non-standard neutrino interactions is still unknown, we con-
sider a general parametrization in terms of αβ where α and β indicate neutrino flavor. The matter 
potential in the presence of NSI is parametrized as:
Veff =
⎛
⎝ 1 + ee |eμ|e
iδeμ |eτ |eiδeτ
|eμ|e−iδeμ μμ |μτ |eiδμτ
|eτ |e−iδeτ |μτ |e−iδμτ ττ
⎞
⎠ . (1)
The NSI contributions can arise from exchange of new heavy particles or through more com-
plicated interactions with hidden sectors. They are parametrized by an effective Lagrangian:
LNSI = −2
√
2GF ν¯αγμνβ
(

αβ,ij
L f¯
i
Lγ
μf
j
L + αβ,ijR f¯ iRγ μf jR
)
(2)
where αβ,ijL,R describe the coupling of neutrinos of flavors α and β to the left (right)-handed 
components of fermions fi and fj . When summing over all possible fermions fi and fj present 
in matter (e.g. electrons, up and down quarks inside the Earth), the parameters αβ in Eq. (1) are 
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Mixing matrix best fit values and NSI parameters bounds.
Mass and mixing Best fit ±1σ NSI bounds
sin2 (θ12) 0.302+0.013−0.012 |ee| ≤ 4.2
sin2 (θ23) 0.413+0.037−0.025 ⊕ 0.594+0.021−0.022 |eμ| ≤ 0.33
sin2 (θ13) 0.0227+0.0023−0.0024 |eτ | ≤ 3.0
m221 7.50
+0.18
−0.19 × 10−5eV 2 |μμ| ≤ 0.068
m231(N) +2.473+0.070−0.067 × 10−3eV 2 |μτ | ≤ 0.33
m232(I ) −2.427+0.042−0.065 × 10−3eV 2 |ττ | ≤ 21
obtained. For any given new physics model it should be possible to map the model parameters 
that determine αβ,ijL,R onto αβ which can be constrained by data.
Non-standard neutrino interactions can affect neutrino oscillations in multiple ways: in the 
production, detection and propagation of neutrinos. In this paper we consider propagation of 
atmospheric neutrinos that can be detected in IceCube DeepCore or the possible future PINGU 
detector.
Most NSI parameters have been constrained by experimental observations, together with mea-
surements of the standard oscillation parameters. Best-fit values for the mixing matrix parameters 
[17] and current model independent bounds for the NSI parameters [3] are given in Table 1. The 
bounds for the NSI parameters assume neutral Earth-like matter with an equal number of neu-
trons and protons.
For an experiment like IceCube’s DeepCore (ICDC), the total number of muons, Nμ, can be 
obtained from:
Nμ
(
Eμ,θ
)= 2πtNA
Eμ,f∫
Eμ,i
dEμ
θf∫
θi
sin θdθ
∞∫
Eμ
dEνM (Eν)
∂σCCνμ
∂Eν
(
Eν,Eμ
)
×
(
∂2φνμ (Eν, θ)
∂Eν∂θ
Pμμ (Eν, θ) + ∂
2φνe (Eν, θ)
∂Eν∂θ
Peμ (Eν, θ)
)
. (3)
Eμ,i and Eμ,f define the observed muon energy bin, θi and θf define the zenith angle bin, t is 
the time period during which the detector was taking data, M is the effective mass of the detector, 
and NA is Avogadro’s number. The cross section [18] for neutrino interaction in the detector is 
given by σCCνμ and the flux [19] of neutrinos is given by φν . The effective mass of ICDC is taken 
from [7] and displayed in Fig. 1.
3. Numerical results
We first study the effects of μτ on oscillation probabilities. To first approximation we set all 
phases to zero and all  = 0 except for μτ . In Fig. 2 the effects of small changes in μτ can 
be seen on the oscillation probabilities for normal and inverted mass hierarchies. For even small 
deviations of μτ from μτ = 0, the changes to Pμμ can be large. This is in agreement with the 
NSI effects on neutrino oscillation probabilities previously reported in [13,14].
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Fig. 2. μτ effects on Pμμ .
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Zenith bins.
Core (θ1) Mantle (θ2) Outer mantle/crust (θ3)
cos (θ) range: (−1, − 0.837) (−0.837, − 0.446) (−0.446,0)
Fig. 3. μτ effects on the number of muons for normal mass hierarchy.
One remarkable feature of Fig. 2 is that the sign of μτ has a significant effect on Pμμ. In fact, 
it seems, at least qualitatively, that flipping the sign of μτ is nearly equivalent to changing the 
mass hierarchy. This is an effect that will be examined in detail in the following sections.
The effects of μτ can be further seen when calculating the number of events via Eq. (3). 
Nμ has numerically been calculated for energy bins 5 GeV wide and for the three zenith angle 
bins given in Table 2. These cover the Earth core, with the highest densities and density vari-
ations and two more large angular bins. It is likely the experiment can achieve better angular 
reconstruction in the long term, but this is probably a realistic starting point and it accounts 
for all the smearing due to both detector resolution and the spread between observed muon and 
incoming neutrino direction.
Figs. 3 and 4 show the effect μτ has on the total number of muon neutrino events in the 
detector. These are consistent with previous results from [13,14], although presented for different 
energy and angle regions and binning.
It is clear from these figures that μτ has a much greater effect on Nμ for muons that are 
produced along trajectories that go through the dense core. Furthermore, it is evident that the 
large effect of the sign of μτ is also strongest for neutrino trajectories traversing the core. This 
sign dependence is also visible in the mantle and crust, but the effect is less dramatic.
4. μτ analysis: regions of maximal sign dependence
As seen in Figs. 2, 3, and 4, the effects of μτ on Pμμ and Nμ demonstrate a sign dependence. 
This sign dependence is in contrast to the other NSI parameters where the sign of the parameter 
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does not have nearly as significant an effect. In this paper we explore the significance of the signs 
of μτ and how this can affect the mass hierarchy measurement. In order to analytically analyze 
this dependence we set all δ = 0 and all  = 0 except μτ . Furthermore, we set
m221 = θ12 = θ13 = δcp = 0 and θ23 = π/4,
and we assume a constant density in Vcc. It should be noted that these are assumptions made only 
in our analytical approximations that help us better track and understand the effects of the sign 
of μτ and thus any value gained from them would be qualitative only. Our numerical results 
are based on the full realistic parameter values and density profiles and they show that, below 
15 GeV the analytical model’s usefulness drops rather dramatically. These assumptions lead to a 
simplified Schrodinger-like equation:
i
d
dx
⎛
⎝ νe (x)νμ (x)
ντ (x)
⎞
⎠=
⎛
⎜⎜⎜⎝
Vcc − m
2
31
4Eν 0 0
0 0 m
2
31
4Eν + Vccμτ
0 m
2
31
4Eν + Vccμτ 0
⎞
⎟⎟⎟⎠
⎛
⎝ νe (x)νμ (x)
ντ (x)
⎞
⎠
This equation can then be solved to yield:
⎛
⎝ νe (L)νμ (L)
ντ (L)
⎞
⎠=
⎛
⎜⎜⎝ e
− 14 iL
(
4Vcc−m
2
31
Eν
)
0 0
0 cos (L) −i sin (L)
0 −i sin (L) cos (L)
⎞
⎟⎟⎠
⎛
⎝ νe (0)νμ (0)
ντ (0)
⎞
⎠
with  = m2314Eν + Vccμτ . Thus:
Pμμ = cos2
(
L
(
m231
4Eν
+ Vccμτ
))
(4)
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Pμμ = Pμμ
(
μτ
)− Pμμ (−μτ )= − sin
(
2L
m231
4Eν
)
sin
(
2LVccμτ
)
.
Thus |Pμμ| assumes maximum values when:
2L
m231
4Eν
= (2n + 1) π
2
2LVccμτ = (2m + 1) π2
where m,n ∈ Z and m,n ≥ 0.
From the above analysis, equations can be derived that specify the location of maximum sign 
asymmetry:
∴Eν =
(
2m + 1
2n + 1
)
m231
4Vccμτ
(5)
∴ L = (2m + 1)π
4Vccμτ
(6)
also L = (2n + 1)π
m231
Eν (7)
where:
L = 2REarth sin
(
θ − π
2
)
. (8)
By using Eq. (8), Eqs. (5) and (6) will predict the neutrino energy and direction where the 
sign of μτ has the most effect on muon neutrino survival probabilities and detected number of 
muon neutrino events, and Eq. (7) defines curves that pass through these points.
The predictions of Eqs. (5), (6), and (7), are displayed in Fig. 5. Fig. 5 shows Pμμ for 
two different values of μτ . Eq. (7)’s predictions are represented by the two white on black lines 
and the white on black stars represent the predictions of Eqs. (5) and (6). We see that these 
predications coincide remarkably well with the maxima and minima of a numerically calculated 
Pμμ.
The significance of the predictive power of this analytical model is twofold. Firstly, it demon-
strates that the sign dependent features observed in Pμμ and Nμ are not numerical artifacts and 
that they can be qualitatively described by a simple model. Secondly, the predictions themselves 
are useful in defining parameter space regions where the analysis of experimental results would 
best determine the sign of μτ .
5. Mass hierarchy implications
As noted in Section 3, the effect of changing the sign of μτ seems similar to the effect of 
changing the mass hierarchy. This similarity becomes obvious upon the examination of Eq. (4). 
It shows that, for the model under consideration, changing the sign of μτ is mathematically 
equivalent to changing the mass hierarchy. This is exactly true in the reduced model discussed in 
Section 4, but it is only approximately true in a realistic model. One of the consequences of this 
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Fig. 6. Mass hierarchy imitation by specific NSI values.
feature is the uncertainty encountered in the fitting of a particular mass hierarchy model to exper-
imental results. For instance, an experimentally obtained Nμ
(
Eμ
)
curve might look like either 
NNHμ
(
μτ = 0
)
or N IHμ
(
μτ 	= 0
)
. Fig. 6 shows how NNHμ
(
μτ = 0
)
and N IHμ
(
μτ = 0.00743
)
look very similar and how NNHμ
(
μτ = 0.00555
)
or N IHμ
(
μτ = 0
)
look very similar. This mass 
hierarchy – sign of NSI degeneracy effect shows how even a very small NSI value can make the 
determination of mass hierarchy even more difficult.
This degeneracy is further illustrated in Fig. 7. The plot compares a 10% uncertainty in 
the measurement of the normal hierarchy under the assumption that standard three flavor 
oscillations are entirely responsible for the signal with the expected signal for an inverted 
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hierarchy in the presence of a very small negative non-standard interaction parameter. The 
N IHμ
(
Eμ,0 < μτ < 0.01
)
curve seems to be within 10% of the NNHμ
(
Eμ, μτ = 0
)
curve. Both 
Figs. 6 and 7 show the total number of muons and antimuons that would be detected at ICDC 
in one year of running for muons traversing the Earth’s core. The feature that Figs. 6 and 7 il-
lustrate is the degeneracy between mass hierarchy and the sign of μτ . It is also useful to note 
that Figs. 6 and 7 reveal that this degeneracy seems more prominent at higher energies. Below 
20 GeV, the degeneracy is less pronounced, but above 20 GeV the match becomes very clear. It 
is interesting to note that this division could also have been predicted by the analysis of Section 4
(see Fig. 5). This degeneracy has serious implications when attempting to fit theoretical models 
to experimentally determined spectra. Consider the task of deciding which mass hierarchy best 
describes the nature of neutrino oscillations. If μτ = 0 is assumed, then a certain level of exper-
imental precision is needed to distinguish a NH muon spectrum from an IH muon spectrum. But 
if μτ = 0 is not assumed, then a much greater level of experimental precision is needed because 
of the degeneracy between mass hierarchy and the sign of μτ . The degree of precision needed 
can be quantitatively determined by performing a χ2 analysis.
The test statistic under consideration is:
χ2
(
μτ
)=∑
Eμ
(
NModelμ+μ
(
Eμ, μτ
)− NNullμ+μ (Eμ, μτ = 0))2
NNullμ+μ
(
Eμ, μτ = 0
) (9)
where Model and Null denote a mass hierarchy choice, either NH or IH. This test statistic, to-
gether with energy and angular binning, will represent a quantitative sensitivity or discovery 
potential analysis. In order to demonstrate how the degeneracy between the mass hierarchy and 
the sign of μτ can be broken, the muon energy spectrum will be divided into a low energy bin 
and a high energy bin. The two angular bins, Core and Mantle will be dealt with separately.
A χ2 analysis is often used to predict the sensitivity for measuring certain parameters. How-
ever, the results presented in Figs. 8–11 should rather be viewed as an exploration of the partial 
degeneracy between the mass hierarchy and the sign of the μτ NSI parameter. While sensitivity 
ranges could be extracted from these figures, and then compared to those established by prior 
authors [13,14], the focus here is rather on the degenerate effects and how an energy bin choice 
can serve to alleviate them.
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Fig. 9. χ2 analysis for IH true and for muons traversing the core.
Figs. 8 and 9 show the results of the χ2 analysis for muons traversing the core. The left plots 
represent the one year, low energy analysis and the right plots show the five year, high energy 
analysis. On each plot the horizontal lines represent different confidence levels and the different 
curves represent different Model and Null assignments as per the legend. Fig. 8 analyzes the case 
of distinguishing a true NH three-flavor scenario from the effects of NSIs. Fig. 9 analyzes the 
case of distinguishing IH.
Consider the right graph in Fig. 8. As is expected, the NH vs. NHNull curve shows that even 
at 1σ there is still a range of μτ which give rise to a muon spectrum that is indistinguishable 
from the μτ = 0 case. Similarly, if NH and μτ = 0 is true, then IH and μτ = 0 can be ruled 
out at approximately a 3σ confidence level from the high energy analysis and it can be ruled out 
at approximately a 2.5σ confidence level from the low energy analysis. But, if NH and μτ = 0
is true, then while IH and μτ 	= 0 can be ruled out at approximately a 2.5σ confidence level 
from the low energy analysis, it cannot be ruled out at any confidence level from the high energy 
analysis. This shows, as expected, that the degeneracy between the mass hierarchy and the sign 
of μτ can be disentangled by only considering the low energy bins.
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Fig. 11. χ2 analysis for IH true and for muons traversing the mantle.
The situation is qualitatively unchanged if IH and μτ = 0 is true. The effects of the degen-
eracy are even more important in this case, as the matter effect enhancements are now present 
for antineutrinos which are the sub-dominant component in the total number of events. Fig. 9
shows that, even for the low energy analysis, NH and μτ = 0 can be ruled out at approximately 
2.5σ but NH and μτ 	= 0 can only be ruled out at approximately 1.3σ confidence level. For the 
high energy analysis, the slight raising of the NH vs. IHNull curve compared to the IH vs. NHNull
curve from Fig. 8 gives meager hope that a high energy sample could break the degeneracy, given 
enough time.
Figs. 10 and 11 show the results of the χ2 analysis for muons traversing the mantle. The 
structure and layout of these figures is the same as for Figs. 8 and 9.
The only significant difference between the plots of Figs. 10 and 11 from Figs. 8 and 9, is that 
the sensitivity curves are widened because of the decrease in the matter effect coming from the 
mantle compared with the core. This widening represents a decrease in the predictive power of 
the analysis and thus the core analysis is preferred.
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be broken by focusing on muons that traverse the Earth’s core and have an energy below 
20 GeV.
Systematics associated with directional and energy reconstruction are automatically ac-
counted for due to the very broad smearing in our analysis which uses only two (possibly three) 
angular bins and two energy bins. Furthermore, the systematics associated with atmospheric neu-
trino flux normalization and cross-section uncertainties would give rise to an overall change in 
the number of events and would only slightly shift the χ2 values, not changing the essential fea-
tures characterizing the degeneracy that we are analyzing. This analysis can be improved upon 
in order to gain further sensitivity to the values of NSI parameters, but it is sufficient to illustrate 
how the degeneracy between the mass hierarchy and the sign of μτ might be addressed in an 
initial stage.
Even with a lot of data and an improved analysis, a definitive measurement of the hierarchy 
in the presence of a non-zero NSI in the μ–τ sector would be extremely difficult in an atmo-
spheric neutrino detector alone. It is thus important to consider alternative ways of resolving this 
ambiguity.
One possible method for breaking the degeneracy between the sign of non-standard interac-
tions and the mass hierarchy is using future medium-baseline reactor experiments like JUNO 
[20]. While in long baseline and atmospheric neutrino experiments the sensitivity to both NSI 
and mass hierarchy comes from the matter effect, long baseline reactor experiments can provide 
an independent measurement of the hierarchy which relies on the interference between the solar 
and atmospheric neutrino mass scales, with matter effects being unimportant. It is thus in prin-
ciple possible to gain information about both the mass hierarchy and the sign of μτ , assuming 
this is present with the appropriate size.
One other useful possibility is using the νe appearance channel in long baseline neutrino oscil-
lation experiments. While the mass hierarchy determination would still rely on the use of matter 
effects, this channel is very little affected by μτ and thus does not suffer from the ambiguity we 
identified in the νμ survival channel. Other NSI parameters would need to be considered in this 
case, but they do not introduce degeneracies with the mass hierarchy sign [21].
6. Conclusion
In this paper we have shown that non-standard neutrino interactions in the mu–tau sector have 
significant effects on muon neutrino survival probabilities and number of events expected in large 
atmospheric neutrino detectors. These effects are sign asymmetric and we have derived an ana-
lytic expression that can predict points of maximum asymmetry in (E, θ) parameter space. The 
increased sensitivity to μτ is due to matter interactions, so the largest impact is observed for 
neutrinos that go through the core of the Earth and this is an indication of where to look for evi-
dences for NSI in experimental data. We have investigated the effects of this sign asymmetry on 
the mass hierarchy determination. We showed that, even for very small values of μτ , depending 
on its sign, it is possible to mimic the wrong mass hierarchy. This emphasizes the importance 
of considering the framework in which the data is analyzed and the value of consistency checks. 
We have also discussed how it might be possible to break the degeneracy between the two effects 
by comparing different energy ranges and possibly by combining the matter-effect based mea-
surements of the hierarchy with those obtained from medium baseline reactor experiments or νe
appearance in long baseline experiments.
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